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$H$ Hilbert , $A,$ $B\in B(H)$ ( ).
Borel $\Delta\subset R$
$E_{A}(\Delta)\leq T^{*}E_{B}(\Delta)T$
, $A\ll TB$ , $A\ll TB$ $T\in B(H)$ ,
$A\ll B$ ($E_{()}$ () ).
$A\geq O$ , $A\ll TB$ $A\leq T^{*}BT$ . ,








, $A\leq T^{*}BT$ , $T^{*}E_{B}(R)T=T^{*}T,$ $E_{\Lambda}(R)=I$ , $T^{*}T\not\geq I$ .
$A\ll TB$ $A\preceq\tau B$ , , $\lambda\in R$ , $E_{\Lambda}((-\infty,\lambda])$
$\geq T^{*}E_{B}((-\infty,\lambda])T$, Cf. [1]. .
, $B(H)$ , $B(H)$
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. ‘ (order-like)’
, Cf. [21. .
1. $A\ll B$ ,
(1) $\sigma(A)\subset\sigma(B)$ .
(2) Borel $\Delta$ , $rankE_{A}(\Delta)\leq$ rank $E_{B}(\Delta)$ .
, $E_{A}(\sigma(B)^{c})\leq T^{*}E_{B}(\sigma(B)^{C})T=O$ $E_{A}(\sigma(B)^{C})=O.$ $\sigma(B)^{c}\subset$
$(suppE_{A})^{c}=\sigma(A)^{c}$ , $\sigma(A)\subset\sigma(B)$ . (1). , $E_{\Lambda}(\Delta)H\subset$
$T^{*}E_{B}(\Delta)H$. , rank $E_{A}(\Delta)\leq rank(T^{*}E_{A}(\Delta))\leq$ rank $E_{B}(\Delta)$ . (2).
$A\ll B$ $B\ll A$ , $A,$ $B$ $A,$ $B$
, $\lambda\in\sigma_{p}(A)(=\sigma_{p}(B))$ rank $E_{A}((\lambda\})=$ rank $E_{B}(\{,l\})$,
, rank $E_{\Lambda}((0\})=$ rank $E_{B}(\{0\})$ . :




(1) $A\ll B$ .
(2) $V$ $VB=AV$ .
(3) $W$ $A=W^{\cdot}BW$ , $WW^{*}H$ $B$ .
(4) $W$ $\Delta$ $E_{A}(\Delta)=W^{*}E_{B}(\Delta)W$ ,
$WW^{*}H$ $B$ .
. (1) $\Rightarrow(2)$ : $\Delta$ $E_{\Lambda}(\Delta)\leq T^{*}E_{B}(\Delta)T$
. Borel $(\Delta_{k}\}_{k=1}^{n}$ . $\bigcup_{j=1}^{N}\Delta_{j}’=\bigcup_{k=1}^{n}\Delta_{k}$







$(\chi_{(})$ $()$ ). 1 $\sum_{k=1}^{n}E_{A}(\Delta_{k})\xi_{k}$ . –$\hslash\ddagger$!
$arrow$ 1
2
$\sum_{k=1}^{n}E_{B}(\Delta_{k})T\xi_{k}$ $=$ $\sum_{j=1}^{N}(E_{B}(\Delta_{j}’)T(\sum_{k=1}^{n}\chi_{N_{k}}(\dot{/})\xi_{k}),$ $\sum_{l=1}^{n}x_{N/}0)\xi_{l})$
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$=$ $\sum_{j=1k\text{ }=1}^{n}\chi_{N_{k}\cap N_{l}}(j)(E_{B}(\Delta_{j}’)T\xi_{k}, T\xi_{l})N$




. $V_{0}$ $V_{0}(E_{B}(\Delta)T\xi)=E_{A}(\Delta)\xi,$ $\xi\in H$, , $V$ $V(\xi\oplus\eta)=$
$V_{0}\xi\oplus O,$ $\xi\in M,$ $\eta\in M^{\perp}$ $(M=W^{*}(B)TH,$ $W^{*}()$ $()$
von Neumann ). $V$ .
(2) $\Rightarrow(3):V=U|V|$ . $UU^{*}=I$ . $V^{*}VB=V^{*}AV=$
$BV^{*}V$ $|V|B=B|V|$ . $U^{*}UH=\overline{|V|H}$ $B$ . $\xi\in H$
$UB|V|\xi=U|V|B\xi=VB\xi=AV\xi=AU|V|\xi$ . $\overline{|V|H}$ $UB=AU$.
$UBU^{*}\xi=AUU$“ $U\eta=AU\eta,$ $\xi=U\eta,$ $\eta\in H$. , $UBU^{*}=A$ . $W=U^{*}$
.
(3) $\Rightarrow(4)$ : $A^{n}=W^{*}B^{n}W(n=1,2, \cdots)$ .
(4) $\supset(1)$ .
3 :
4. $A\ll B$ $B\ll A$ , $A,$ $B$ .
: $A\ll B$ , $W$ $A=W^{*}BW$
. $WW^{*}H$ $B$ . Borel $\phi$ $\pi(\phi(B))=\phi(A)$
$\pi$ $W^{*}(B)$ $W^{*}(A)$ * . , $B\ll A$
, $W^{*}(A)$ $W^{*}(B)$ $*$ $\psi$ . $\phi,$ $\psi$ ,
(homogeneous part) . ,
$*$
Borel ,
: $X$ $Y$ Borel , $Y$ $X$ Borel
, $X$ $Y$ Borel . .
.
,
$T$ 3 $V$ $VB=AV$ , $A,$ $B$
. :
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5. $\dim H<\infty$ , T $\in$ B( , $A\ll TB$
$A,$ $B$ .
, $A$ $B$ , $A\ll B$ $B\ll A$ , 1 $\sigma(A)=$
$\sigma(B)$ . , $A,$ $B$ . :
6. $A\ll B$ , $B$ $A$ .
, $A$ $W$ $A=W^{*}BW$ , $W^{*}W$ $B$
, $\overline{W^{*}(B)\xi}=H,$ $\eta\perp\overline{W^{z}(B)\xi}$ , Borel $\phi$
$(\phi(B)\xi, W\eta)=(\phi(B)W^{*}W\xi, W\eta)=(W^{*}\phi(B)WW^{*}\xi, \eta))=(\phi(A)W^{*}\xi, \eta)=0$. ,
$W\eta=0$ . , $\eta=0$ . $W^{*}\xi$ .
. 4
( 4 – ):
7. $A$ $B$ , $A\ll B$ $B\ll A$ , $A,$ $B$
.
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